Abstract. For a very ample line bundle L on a compact connected complex manifold X, with a real structure, we discuss entanglement properties of certain sequences of vectors in tensor products of spaces of holomorphic sections of powers of L.
Introduction
Let L → X be a very ample holomorphic hermitian line bundle on a compact connected complex manifold X. Paper [8] discusses a certain sequence (u k ) of holomorphic sections of L ⊗k associated to a Legendrian submanifold of the unit circle bundle Z in L * (projection of this submanifold to X is a Lagrangian submanifold of X satisfying a Bohr-Sommerfeld condition). The Kähler form on X and the contact form on Z are obtained from the hermitian metric on L. It is customary to interpret k as 1 . Associating semiclassical states to Lagrangian submanifolds of a symplectic manifold is an idea that arises in many contexts. A partial list of references where various versions of this appear includes [5, 8, 10, 12, 17, 20, 25] and three papers (co-)authored by the first author of this paper: [2, 15, 16] .
Similar ideas are applicable to isotropic submanifolds [18] . When the states are associated to submanifolds of a product manifold, we address the question of entanglement, that comes from quantum information theory. We work with pure states. Entanglement measures, such as the entropy of entanglement, are defined for vectors in a tensor product of two or more Hilbert spaces. In our setting the Hilbert space comes from Kähler quantization. We find that when the Lagrangian submanifold Λ of X × X is X, embedded antidiagonally (for this X needs to have a real structure), the sequence of normalized vectors in spaces of holomorphic sections of the line bundles, which is associated to Λ, is a sequence of maximally entangled vectors (Theorem 2.1). We start with a very ample line bundle L → X on a compact connected complex manifold X, with a real structure. Presence of the real structure makes Λ ∼ = X a Bohr-Sommerfeld submanifold of X × X. We construct a sequence {u 
, it is natural to inquire about the entanglement properties of u (k) Λ . We show that the entropy of entanglement ν(
Λ } is a sequence of maximally entangled vectors. For this sequence we also describe how the entropy of entanglement is related to the minimum distance to a separable vector (Corollary 2.2).
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As an example, when X = P 1 , with the Fubini-Study form, the entropy of entanglement of the k-th vector is ln(k + 1).This is in Section 3.1. In Section 3.2 we consider the case when X is a 2-dimensional torus.
We point out that a similar line of thought can be applied to a submanifold Λ ′ of Λ. As an example, we calculated the entropy of entanglement for the sequence of sections associated to a circle in P 1 . These vectors are entangled but not maximally entangled, for each fixed k or as k → ∞. This calculation is in Section 3.1.
Real structures appear often in mathematical physics. See [13] as one among many papers on string theory where real structures play a substantial role, also see [23, Chapter 2] for a discussion in the context of field theory. In Kähler quantization, which is relevant to this paper, existence of a real structure on the Kähler manifold (in the sense of the definition in Section 2.2) can be translated, intuitively, into having quantum states that are their own antiparticles, analogously to Majorana fermions.
There is extensive literature on representation-theoretic aspects of entanglement. We note papers [19] and [27] where the point of view taken is that on the tensor product of two Hilbert spaces (or of finitely many Hilbert spaces) entanglement should be studied on the orbits of the action of the unitary group.
In this paper we consider the questions about separability and entanglement combined with concepts from Kähler quantization. is an integral Kähler form. There is a holomorphic hermitian line bundle L → X such that the curvature of the Chern connection is equal to −iω. For a positive integer k denote H k = H 0 (X, L ⊗k ) (the space of holomorphic sections of L ⊗k ). It is a finite-dimensional Hilbert space and
(this is a standard fact that can be found, for example, in [22, Chapter 4] ). The inner product
H k ⊗ H k is a tensor product of Hilbert spaces, with the inner product u ⊗ u ′ , w ⊗ w ′ = u, w u ′ , w ′ for u, u ′ , w, w ′ ∈ H k and extended by linearity.
, denote the projections X × X → X onto the first and second factor respectively. The line bundle L is ample and for a sufficiently large k 0 ∈ N the line bundle L ⊗k is very ample for k ≥ k 0 . We shall assume that ω is such that L is very ample (this can be achieved by replacing ω by ω ′ = k 0 ω).
where λ 1 ,...,λ d k are the eigenvalues of Tr 2 (vv T ), and Tr 2 : End( 
The value of ν(v) characterizes how entangled (or how "not separable") v is.
Such a representation always exists and
All this is standard material, -a reference is, for example, [6, Sections 9.2, 15.3] . Note that if v is of norm 1 then, of course,
1 . Remark 2.2. Lemma 2.1 seems to be known (see e.g. [21] ). However, we have not seen the statement in this exact form, and we provide a proof.
j be the Schmidt decomposition for v and let
and it remains to show:
Using that α
j ≥ 0 and the Cauchy-Schwarz inequality, we get:
, and the statement follows.
x ) is the unique element of H k with the property
for any s ∈ H k . The coherent state associated to u This kind of coherent states originates, in somewhat different ways, from work of Berezin and of Rawnsley [28] , [26] .
We observe that u
(because, if we represent this vector as u
j , where c j are coefficients, then for each l ∈ {1, ...,
for all w 1 , w 2 ∈ H k . It is not hard to see that
We will consider X × X with the symplectic form Ω = π *
Suppose Λ is a Lagrangian submanifold of X ×X satisfying the Bohr-Sommerfeld condition (i.e. ∇ over Λ is trivial [10, 14] ). τ (x,y) the element of H k ⊗ H k with the property
for all w 1 , w 2 ∈ H k . We observe that
Let dµ be an n-form on Λ, with Λ dµ > 0. We will denote by u (k) Λ the element of H k ⊗ H k with the property
for all w 1 , w 2 ∈ H k . Clearly
2.2. X antidiagonally embedded into X × X. Now suppose X has a real structure (i.e. an antiholomorphic involution σ : X → X). We require that, moreover, σ
for all x ∈ X, k ∈ N, s 1 , s 2 ∈ H k . This implies that σ extends to a norm-preserving bundle map L * → L * that is antilinear on the fibers, for any
and so σ * L ∼ = L * . Define Λ = {(x, y) ∈ X × X| y = σ(x)} and ι :
To show that ∇ is trivial over Λ, choose a local holomorphic frame e(x) for L and observe that over Λ ∼ = X the connection form for ∇ is ι * ∂ log h Lx (e(x), e(x))h L σ(x) (e(σ(x)), e(σ(x))) Λ = ∂ log h Lx (e(x), e(x)) +∂ log h Lx (e(x), e(x)) = d log h Lx (e(x), e(x)).
Since the connection form is exact, the connection is trivial. Let τ be a (nonvanishing, covariant constant) section of L * Λ defined by
for holomorphic sections s 1 , s 2 of L, where e is a holomorphic section of L, locally nonvanishing. It is clear that τ is a well defined global section of L * Λ → Λ (it does not depend on the choice of e, because replacing e(x) by f (x)e(x), where f (x) is a local non-vanishing holomorphic function, does not change the right hand side of (3) due to (2)). Now let us explain why τ is covariant constant. We have already seen that with respect to a local holo-
, e(x)). We get, using (2) and (3):
′ of Λ, with an m-form dµ ′ we have:
Remark 2.5. Our way of associating semiclassical states to Bohr-Sommerfeld Lagrangian submanifolds is the same as the one, for example, in [10] . Instead, one could consider Λ as p(Λ), where p : P → X ×X is the unit circle bundle in L * → X ×X (a principal U(1)-bundle, also a contact manifold), andΛ is a Legendrian submanifold of P [8] , [14] . Specifically, in Section 2.2Λ = {(x, σ(x), τ (x, σ(x)))| x ∈ X}. Remark 2.6. It would be interesting to interpret either the entropy of entanglement or the minimum distance to a separable vector as a number that characterizes how far Λ is from being a product submanifold.
Λ as a vector in the basis ϕ
where ϕ is a holomorphic section of L (locally nonvanishing). Because of (2) τ
The last equality can be obtained by setting ϕ
Therefore in the basis ϕ
, where
E jl is the d k × d k matrix with the jl-th entry 1 and the other entries equal to zero. From this we get:
It follows that v k is maximally entangled and
Λ in Theorem 2.1 are maximally entangled, Corollary 2.1 applies:
Corollary 2.2. The minimum distance from v k to a separable vector is
3. Calculations on the sphere and on the torus 3.1. Suppose X = P n (n ≥ 1), with the Fubini-Study Kähler form, L is the hyperplane bundle, with the standard choice of a Hermitian metric. Denote by ζ 0 , ..., ζ n the homogeneous coordinates on X. The space H k is usually identified with the space of homogeneous polynomials of degree k in ζ 0 , ..., ζ n . The antiholomorphic involution X → X,
, provides an antilinear map that sends the fiber L * ζ of the tautological bundle (i.e. the line l through 0 in C n+1 spanned by
|w ∈ l}. Theorem 2.1 says that for the Lagrangian states associated to P n antidiagonally embedded into P n × P n the entropy of entanglement is ln dimH k = ln n+k n . Everything can be written very explicitly for n = 1. On P 1 we use the homogeneous coordinates [ζ 0 : ζ 1 ]. The space H k of holomorphic sections of L ⊗k , k ∈ N, is the space of homogeneous degree k polynomials in ζ 0 , ζ 1 . On the affine chart U = {[ζ 0 : ζ 1 ] ∈ P 1 |ζ 1 = 0} ∼ = C homogeneous degree k polynomials in ζ 0 , ζ 1 become polynomials in z = ζ 0 /ζ 1 of degree ≤ k, and H k is identified with the space of polynomials in complex variable z of degree ≤ k, with the inner product
(this is easily verified by a calculation in polar coordinates on R 2 ). Note that ϕ
In particular,
We have:
τ is covariant constant, as it is shown in Section 2.2.
    , where e 1 e 2 ... e k+1 = I k+1 is the (k + 1) × (k + 1) identity matrix. We get: too.
Let us now calculate the entropy of entanglement for the states associated to Λ ′ = {(z,z) ∈ Λ | z = e iΘ , 0 ≤ Θ < 2π} with dµ = dΘ.
Using the identity We conclude that the vectors v k are not maximally entangled. Also, they are clearly not separable. 
